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1 Introduction 

Let n he a domain of {N > 1) with a compact boundary, Q?^ = x (0, oo) and q > 1. 
This article deals with the question of the solvability of the following Cauchy-Dirichlet 
problem P^'f 

( dtU- Au+\u\i-^u = in 

< f on dnx (0,oo) (1.1) 

lim^^o u{x, t) — oo Vx G Q. 

If no assumption of regularity is made on 951, the boundary data u = f cannot be prescribed 
in sense of continuous functions. However, the case f = can be treated if the vanishing 
condition on dft x (0, oo) is understood in the Hq local sense. We construct a positive 
solution of (fTX|l with / = belonging to C{0,oo; H^{n) L'^+^{n)) thanks to Brezis 
results of contractions semigroups generated by subdifferential of proper convex functions in 
Hilbert spaces. We can also consider an internal increasing approximation of by smooth 
bounded domains SI" such that SI = U„S7". For each of these domains, there exists a 
maximal solution usi" of problem Furthermore the sequence {wn"} is increasing. 

The limit function un := lim„_,ooUnn is the natural candidate to be the minimal positive 
solution of a solution of 7^^'°. We prove that tt^ — uq. If dil satisfies the parabolic Wiener 
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criterion [51, there truly exist solutions of 'P^^'-^. We construct a maximal solution ujj of this 
problem. Our main result is the following: 

Theorem 1. If dfl is compact and satisfies the parabolic Wiener criterion, there holds 

un ^un- 

In the last section, we consider the full problem V^^'-^ . Under the same regularity and 
boundedness assumption on dQ we construct a maximal solution un.f and we prove 

Theorem 2. // dfl is compact and satisfies the parabolic Wiener criterion, and if f 
C{0,(X);dft) is nonnegative, u^,/ is the only positive solution to problem V^'-^ . 

These type of results are to be compared with the ones obtained by the same authors [1] 
in which paper the following problem is considered 

dtu - Au + \u\'i-^u = in Qg 
lim^-jjg^ t) — CO locally uniformly on (0,oo) (1-2) 

u{x,o)^f yxen. 

In the above mentioned paper, it is proved two types of existence and uniqueness result 
with / e Ll,ifl), / > 0: either if dn = dTf and 1 < g < N/{N - 2), or if dil is locally the 
graph of a continuous function and q > 1. 

Our paper is organized as follows: 1- Introduction. 2- Minimal and maximal solutions. 
3- Uniqueness of large solutions. 4- Bibliography. 

2 Minimal and maximal solutions 

Let q > 1 and be a proper domain of , > 1 with a non-empty compact boundary. 
We set = x (0,oo) and consider the following problem 

dtu — Au + u'^ = inr2x(0, oo) , , 

u{x,t) = on X (0,c»). ^ ' 

If there is no regularity assumption on dfl, a natural way to consider the boundary condition 
is to impose u{.,t) e Hq{VL). The Hilbertian framework for this equation has been studied 
by Brezis in a key article [5] (see also the monography [3] for a full treatment of related 
questions) in considering the maximal monotone operator v i— > A(v) := —Aw + |?;|'?~^?; seen 
as the subdifferential of the proper lower semi-continuous function 

f / (-\Vv\'' + -^\v\i+''\dx ifvemin)nL'}+^{n) 

Mv) = l inV2' ' g+l' ' ; (2.2) 

[ oo if v H^{n)r\Li+\n). 

In that case, the domain of A = dJn is D{A) := {u e H^{fl) n Li+^{n) : Au e L'^{^)}, and 
we endow Do (—A, ) with the graph norm of the Laplacian in ffg (fJ) 



Moni-A) = ii^vf + |VH' + v^) dx^ 
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Brezis' result is the following. 

Theorem 2.1 Given uq G there exists a unique function v G Lf^ JQ, oo; Dn{— A)) n 

C{0,oo;H^{n) n L9+i(f7)) such that dtv S Ll^{0, oo; L^ifl)) satisfying 

dtv- Av + \v\'i-'^v ^0 a.e.inQ^ 



v{.,0) — Uq a.e. in il. (^•'^) 

Furthermore the mapping (t, uq) > v(t, .) defines an order preserving contraction semigroup 
in L^(f2), denoted by 5^'^'^ (i) [mq] , and the following estimate holds 

<j^\\uo\\mn)- (2-4) 

From this result, we have only to consider solutions of (|2.1 p with the above regularity. 

Definition 2.2 We denote hyI{Q^) the set of positive functions u E Lf^^{0, oo; Dii{— A))r\ 
C(0, oo; H^{n) n L9+i(f7)) such that dtu e Ll^{0, oo; ^^(f^)) satisfying 

dtu- Au+\u\'^-'^u^O (2.5) 

m i/ie semigroup sense, i. e. 

du 

— + dJn{u) = a.e. m(0,oo). (2.6) 

If Q is not bounded it is usefuU to introduce another class which takes into account the 
Dirichlet condition on dfl: we assume that Jl'^ C -B_Ro, denote by ^Iji = il O Bn {R > Rq) 
and by i/o(f^i?) the closure in _ffQ(Jli?) of the restrictions to ^Ir of functions in C^{^1), thus 
we endow Dq^^^—A, ) with the graph norm of the Laplacian in i7g (fii^) 
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Definition 2.3 If fl is not bounded but i^'^ C Bji^, we denote by T{Q^'"') the set of pos- 
itive functions u G L'^ociQ^) such that, for any R > Rq, u £ L^^^(0, oo; _Dn^(— A)) n 
C{0, oo; Hq{Qr) n L'^+'^^CIr)), dtu e Lf^^{Q, oo; L'^{^ji)) and u satisfies 112.5 \) in a. e. in 



)r2 

- oo ■ 



Lemma 2.4 If u £ X(Q^) or X((5^°<=), its extension u by zero outside ft is a subso- 
lution of (HXP in (0,oo) x such that u £ C(0, oo; ^^(IR^) n L'?+i(M^)) and dtU £ 
LL(0,cx3;L2(R^)). 

Proof. The proof being similar in the two cases, we assume J7 bounded. We first notice that 
u £ C(0, oo; 77q (R^)) since ||w||^1(rjv-) = For J > we set 

r- 3(5/2 ifr>2(5 
P^{r)={ r^/25-r + 5/2 ii5<r<25 
if r < (5 
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and denote by ug the extension of Ps{u) by zero outside Q^- Since ugt = Ps{'u)dtu, then 
ust G L^Q^(0, cx); i^(R^)) and ||u5t||^2 < ||9tw||^2- In the same way \7us — Pg{u)\/u, thus 
us e Ll^iO,(x^;H^iR^)) and \\us\\„i < FinaUy -Aus^-P^{u)Au-P^'{u)\Vu\\ 

Using the fact that Pgu"^ > Ug, we derive from (j2.6 p 

dtus - Aus + < 

in the sense that 

{dtUsC + ^us.\/( + ulC)dxdt<0 (2.7) 

for all C € C°°((0,oo) x M^), C > 0. Actually, C°°((0,(X)) x K^) can be replaced by 
L2(e,oo;7J^(M^)) n L'^' {{e,oo) x R^). Letting 5 ^ and using Fatou's theorem implies 
that p. 7 p holds with replaced by u. □ 

Lemma 2.5 i^or att.?/ m G I{Q^), there holds 

w(x,t)< (^^^— :-<^,W V(a;,t)egS,. (2.8) 
Proof. Let r > 0. Since the function (f>q,r defined by (jj^^^it) — (jj^it ~ r) is a solution of 

and {u — (j)q,T)+ e C(0, oo; iJp (fi)), there holds 

^^y" (u - </'g,r)+da: + y" j^^ (Vu.V(u - <^,,,)+ + {u" ~ (^9_J(u - (/.,,,)+) dxdt = 0. 
Thus s I— > |l(it — 4'q,T)+{s)\\i^2 is nonincreasing. By Lebesgue's theorem, 

YiTCl\\(u- <t)q,r)+{s)\\L2 = 0, 
sir 

thus u{x,t) < (j)q .^{t) a.e. in f2. Letting t | and using the continuity yields to (|2.8 p . 
□ 

Theorem 2.6 For any q> 1, the set T{Q^^) admits a least upper bound for the order 
relation. If is bounded, Uq G T{Q^^); if it is not the case, then Uq G X(Q^°=). 

Proof. Step 1- Construction of u^^ when Q is hounded. For fc G N* we consider the solution 
V = Vk (in the sense of Theorem 12.11 with the corresponding maximal operator in L^(il)) of 

dtv - Aw + = in x (0, oo) 

v{x, t) = iiidflx (0, oo) (2.9) 
v{x, 0) = k in Q. 

When k ^ oo, Vk increases and converges to some Mq. Because of (|2.8 \i and the fact 
that is bounded, u^{t, .) G L^(ri) for t > 0. It follows from the closedness of maximal 
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monotone operators that £ Lf^^{0,oo-, Dn{-^)) n C(0, oo; iJg (fi) n L''+i(r2)), dtUQ G 
iL(0,oo;L2(o)) and 

%^ + ajf2K) = a.e. in (0,oo). (2.10) 
at 

Thus Uj-j e T{Q^). For r, e > 0, the function t i— > UQ{x,t — r) + e is a supersolution of 
p.l p . Let u £ X(Q^); for k > (fiqir), the function {x,t) i-^ {u{x,t) — Uii{x\t — r) — e)+ is 
a subsolution of (j2.1 p and belongs to C(r, oo; TJg (fi)). Since it vanishes at t = r, it follows 
from Brezis' result that it is identically zero, thus u{x, t) < unix, i — r) + e. Letting e, r | 
implies the claim. 

Step 2- Construction of Uq when ft is unbounded. We assume that dft C and for 
n > i?o, we recall that n„ = fin Bn. For fc > 0, we denote by Uq^ the solution obtained 
in Step 1. Then Uq^ = limk^oo Vn,k where Vn,k is the solution, in the sense of maximal 
operators in Qn of 

— TT- + '^•^^n {'Vn,k) = a.e. in (0, oo) 
dt (2.11) 

Vn.k{0) = k. 



It follows from Lemma |2 .41 that the extension u„ ^ by of Vn.k in ftn+i is a subsolution for 
the equation satisfied by Vn+i,k^ with a smaller initial data, therefore Vn^k ^ v^+i^k- This 
implies w^^^ < uo^^^. Thus we define = lim„_,oo ■ It follows from Lemma 12.51 and 
standard regularity results for parabolic equations that u ~ satisfies 

atU-Au + M'? = (2.12) 

in Q^. Multiplying 

+ dJnAlkiJ = (2.13) 
by if'u^^ where 77 e C^iM.^) and integrating over fin, yields to 
d 



2-1- 
dt 



/ v^iiijx + 


IJ 







Thus, by Young's inequality, 

2-'jJ^v\kdx + £ [2~'\Vunf+ult')v'dx<2j^^ NvWljx- 

If we assume that 0<77<1, 77=lon Bfj {R > Rq) and 77 = on B^^, we derive, for any 
< T < i. 



2-^/ li^S,tWdx+ f [ (2-^\^UnS +y^+;^)r^^dxds 

ft r 



< 

From this follows, if n > 2R, 

ft 



2/ / ufiJ^v\^dxds + 2-^ f v^,^{.,T)f^^dx. 



(2.14) 



sinSji Jt JnnB 



ulj,,t)dx+ / / (2-i|Vuj^j'+w«+/)dxds<Ci?^(t + l)r-2/(9-i). 

(2.15) 
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If we let n ^ 00 we derive by Fatou's lemma 



2-1/" uU-^t)dx+ f I (2-^\Vu^^\^ + u^^^)dxds<CR^{t + l)i 



-2/(9-1) 



(2.16) 

For T > fixed, we multiply (12.13 |) by [t — T^'rf'dlhi /^^^j integrate on (r, t) x r2„ and get 



{t-T) 



dt 



iVii 



,9+1 



9 + 1 



rf'dx 



iin„ I 



,9+1 



9 + 1 



rfdx - 2{t -t) Vu^ .Vr? 



dt 



rjdx. 



Since 
2{t-T) 



du 



dt 



rjdx 



< 



(t-r) 



ffdx + A{t-T)j^^ |V2ia„riV?7l'dx, 



we get, in assuming again n > 2R, 



T Jfl 

from which follows, 
ft 



dUr 



dt 



ifdxds + {t - t) 



9+1 



rf'dx 



<a[ {s-t)[ \Wu<^J'^ dxds, 
Jt Jn 



(2.17) 



(s-r) 



T JnnBrt 



du 



dt 



dxds + {t — t) 



9 + 1 



dx 



< 4 / (s-r) 



(2.18) 



' dxds. 



nnB2R 



The right-hand side of fHF} remains uniformly bounded by 8C(2i?)^(t-r)tT-2/(g-i) ^^.^^ 
([2J5l . Then 



2-1 



(s-r) 



r JflnBB 



dur 



dt 



dxds + (t ~ t) 



•o„ I 



CinBr, 



9+1 



(2.19) 



< 8C(2i?)^(i-T)tr-2/(9-i) 



By Fatou's lemma the same estimate holds if is replaced by Mjj. Notice also that this 
estimate implies that vanishes in the i?Q -sense on dO, since t^u^ G H^{Q?) where the 
function r] G C^(M^) has value 1 in Bn and fi^ C i?^. Moreover estimates (|2.16 P and 
p. 19 p imply that satisfies p. 12 \ a.e., and thus it belongs to I{Q^'"=). 

Step 3- Comparison. At end, assume u G X{Q^). For R > no let H^/j be the maximal 
solution of 

- AWr + Wl^O in Br. (2.20) 
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Existence follows from Keller-Osserman's construction [S],[5], and the following scaling and 
blow-up estimates holds 

Wr{x) = R-^/'^'^-^^Wiix/R), (2.21) 

and 

Wr{x) = C<,(i? - |2;|)-2/(9-i)(i + o(1)) as \x\ ^ R. (2.22) 

For T > set v{x,t) — u{x,t) — UQ^{x,t — r) — Wr{x). Then w+ is a subsolution. Since 
v{.,t) g i^(r2), lims^^ — 0. Because Tyw^ € Hl(^) for 77 as above, riv+ € -ffo(ri). 

Next, suppv^ C fi n Si,;. Since are locally in iJ^, we can always assume that their 

restrictions to OBrX [0, T] are integrable for the corresponding Hausdorff measure. Therefore 
Green's formula is valid, which implies 

nAv+dxdt= f [ \Vv+\'^dxdt Wt > t. 
.inSfl Jr JnnBR 

Therefore 

f v\{x,t)dx+ [ [ {\Wv+\^ + {u~ {u^{.,t- t) + WRf)v+) dxdt < I v\{x,s)dx. 

We let s I r and get u+ = 0, equivalently u{x,t) < u^ix.t — r) + Wr{x). Then we let 
R ^ 00 and r — > and obtain u{x, t) < u^{x, t), which is the claim. □ 

Corollary 2.7 Assume fl^ (Z fl'^ (Z M.^ are open domains, then u^i < Uf22 • Furthermore, 
ifn^ U17" where ^2" C then 



lim Mf2„ ^u^, (2.23) 

n — *oo 

locally uniformly in 



Proof. The first assertion follows from the proof of Theorem 12.61 It implies 

lim Mj^„ = < ^o, 



n — *oo 

and Uq is a positive solution of (|2.5 p in Q^. There exists a sequence {uo.m} C -L^(il) such 
that 5^^"(i)[M0,m] T as n — > 00, locally uniformly in Q^. Set Mo,m,n — uo.mXnn ; since 
uo,m,„ ^ uo,r„ in L^n) then 5^^"(.)K,m,n] T 5^^"(.)K,m] in L°°(0,oo;L2(f])). if „ 
is the extension of := S^'^"" {.)[uo^m,n] by zero outside Q^" it is a subsolution smaller 
than S^'^"{.)[uo^m.7i] and n 1-^ "Cm,™ is increasing; we denote by Vm its limit as n — > 00. Since 
for any ^ € Cq'^([0, 00) x Q,) we have, for n large enough and s > 0, 

{vrn,n{dtC + AO)dxdt / uo,m,«C(a;, 0)(ia; - / Wm,„(a;, s)C(2;, i)dx, 
/o Jr2 Jo 

it follows 

n{v,n {dtC + '!^C)) dxdt ^ / uo,mC(2;) 0)0^2; - / Vm{x,s)C{x,t)dx. 
.1 Jq Jq 
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Clearly is a solution of (|2.5 p in . Furthermore 

lim Vm(t, ■) = un rn ^.e. in ri. 

Because 

||'^m(^i ■) J^O,m|| ^2^^^^ ^ 2 ||uo,m|| ^2(q) j 

it follows from Lebesgue's theorem that t i-^ Vm{t,-) is continuous in at i = 0. 

Furthermore, for any t > and h G {—t, t), we have from 12.41 

\\Vm,n{t + h, .) — Vm,n{t, .)|| ^2/57^) < ll'"0,m,n|| L2a^„\ 

*V2 (2.24) 

=^ + .) - Wm(i, .)IIl2(0) < ^ ||wo,m|li2(f2) • 

Thus w„i G C([0, 00); i^(ri). By the contraction principle, Vm = '5'''"^"(t)[uo,m] is the unique 
generalized solution to (j2.3 p . Finally, there exists an increasing sequence {uo,m} C L'^{VL) 
such that for any e > 0, and r > 0, 

on [r, cx)) X 17. For any m, there exists rim such that 

0<5^'^"(0K™]-<„<e/2 

Therefore 

on [t,oo) X il„. This implies (|2.23 p . □ 

We can also construct a minimal solution with conditional initial blow-up in the following 
way. Assuming that Vl = Uil™ where f2™ are smooth bounded domains and il'" C 12™+^ . 
We denote by Um the solution of 

dtUm - Au,„ + \Um\''~'^Um =0 in QS^'" 

u™ in X (0, oo) (2.25) 

limt^o Um{x, t) ~ oo locally uniformly on fi™. 

Such a Um is the increasing limit as fc — > cxd of the solutions Um^k of the same equation, 
with same boundary data and initial value equal to k. Since C ^l"^'^^, Um < Um+i- We 
extend Um by zero outside f2™ and the limit of the sequence {um}, when to — s- oo is a positive 
solution of (|2.5 p in Q^. We denote it by un- The next result is similar to CoroUarv 12.71 
although the proof is much simpler. 

Corollary 2.8 Assume fl^ (Z fl'^ (Z M.^ are open domains, then u^i < Ufi2 . Furthermore, 
ijn = ur2" where ^2" C then 



n — *oo 



lim wo>. = UQ,, (2.26) 

locally uniformly in Ql. 
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Proposition 2.9 There holds uq = Uq. 

Proof. For any m, fc > 0, Um,k, the extension of u^.k by zero in Q^" is a subsolution, 
thus it is dominated by Uq. Letting successively fc ^ oo and m ^ oo implies un ^ ILq- 
In order to prove the reverse inequality, we consider an increasing sequence {m} C ^(Q^d) 
converging to Uq locally uniformly in Q^- If ft is bounded there exists a bounded sequence 
{Mf,o,/c} which converges to u^(.,0) = Uifl in L^{n) and S'^'''^(.)[uf,o,fe] ^ 'S'^'^"(-)['«£.o] in 
L°°'(6,oo;L2(rj)). Therefore 

5^^"(.)K,o,fe] < 5^^"(.)K,o] < ^ lin < tio. (2.27) 

Next, if is unbounded, fl — Uil", with il" C $7"+^ are bounded, we have 

lim = 

and 

lim uor. = UQ 

n — *oo 

by Corollary 12.71 and Corollary 12.81 Since Un^ — u^n from the first part of the proof, the 
result follows. □ 

Remark. By construction uq is dominated by any positive solution of (|2.12 |) which satisfies 
the initial blow-up condition locally uniformly in fl. Therefore, uq = Uq is the minimal 
solution with initial blow-up. 

If n has the minimal regularity which allows the Dirichlet problem to be solved by any 
continuous function g given on dfl x [0, oo), we can consider another construction of the 
maximal solution of (j2.1 p in QS^. The needed assumption on dft is known as the parabolic 
Wiener criterion (abr. PWC). 

Definition 2.10 // dfl is compact and satisfies PWC, we denote by J^qsi the set of v ^ 
C((0,oo) X IT) n C2'i(Q^) satisfying I^IH) . 

Theorem 2.11 Assume q > 1 and i7 satisfies PWC. Then J'qci admits a maximal element 
un- 

Proof. Step 1- Construction. We shall directly assume that f2 is unbounded, the bounded 
case being a simple adaptation of our construction. We suppose ^l'^ C Bji^ , and for n > Rq 
set r2„ = n B^. The construction of u„ is standard: for fc e we denote by — w* ^. 
the solution of (|2.9 p . Lemma [2.51 is valid for v'^. Notice that uniqueness follows from the 
maximum principle. When fc — > oo the sequence {vk} increases and converges to a solution 
Un of (|2.12 p in Qo^ . Because the exterior boundary of 0„ is smooth, the standard equi- 
continuity of the sequence of solutions applies, thus Un{x,t) — for all {x,t) s.t. = n 
and t > 0. In order to see that Un{x,t) = for all {x,t) s.t. x e dft and t > 0, we see that 
Un{x,t) < (/)r{x,t) on (t, oo) X iln, whcrc 

(f)^{x,T) ^ (t>g{T) inn (2.28) 
01- (a;, t) ~ in dfl x [r, oo) 
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Such a solution exists because of PWC assumption. Since is an increasing function of n 
(provided the solution is extended by outside ri„) and /c, there holds Un < "n+i in fi""*"^- 
If we set 

UQ = lim Ur. 



n — 'oo 



then un < (pr for any r > 0. Clearly uq is a solution of p. 12 p in Q?^. This implies that 
Ufi is continuous up to dfl x (0, oo), with zero boundary value. Thus it belongs to J^qn . 

Step 2- Comparison. In order to compare Itn to any other u £ J^qh , for R > Rq we set 
VR,r{x,t) — UQ,{x,t — r) + Wr{x), where Wr is the maximal solution of (|2.20 [) in Br. 
The function {u — VR^r)+ is a subsolution of (|2.12 [) in D x (r, oo). It vanishes in a 
neighborhood on d{Vl ft J5fl) x (r, cxd) and of n S/? x {t}. Thus it is identically zero. If 
we let i? ^ oo in the inequality u < VR^r and r ^ 0, we derive u < usi: which is the claim. 
□ 

Proposition 2.12 Under the assumptions of Theorem \2.11[ un G ^{Q^) (f ^ 'is bounded 
and uo G X((5^°'') if il is not bounded. 

Proof. Case 1: VL bounded. Let 17" be a sequence of smooth domains such that 

17" c c i7"+i c n 

and U„il" = 17. For r > 0, let u„.t- be the solution of 

u«,r(.,r) inf!" (2.29) 

u„.T-(a;,t) =0 in 9f2" x [t, oo) 

Because uq{.,t) G C^(fj"), u„.t G C^'^(ri" x [t, oo)). By the maximum principle, 

< un{.,t)-un,r{.,t) < max{uo(x,s) : (x, s) £ 90" x [T,t]} (2.30) 
for any t > t. Because Tin vanishes on dil x [r, i], we derive 

lim Un^r = Un (2-31) 

n — >oo 

uniformly on x [t, t] for any t > t, where Hn^T is the extension of Un,T by zero outside 0„. 
Applying p. 15 p and (|2.19 p with r/ = 1 to itn.r in 11 yields to 

2-^ J iil,{.,t)dx + J' J (|Vu„,,|'+<+,i)dxds<C(t + l)r-2/(,-i)^ (2.32) 



and 

r* f f f IY7,~ |2 

{s — T){dsUn.T)^dxds + (t — t) 

It Jn Jn 



I I is-r){d.sUn.r?dxds + {t-T) I [ + j (t, .)dx < Cit - T)tr-y(^-^\ 

(2.33) 
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Letting n ^ oo and using (|2.31 p yields to 



"^^^ J uU;t)dx + J (iVunl^M^/^) rfxds < C(i + l)r- 



2/(9-1) 



(2.34) 



and 



(s — T){dsUa)^dxds + (t — r) 



T Jsi 



—9+1 



(2.35) 

Since L^(t, i; i?Q (f7)) is a closed subspace of L^(r, i; _ff^(r2)), for any < r < t, u^j e 
L^Q^(0, cx); i/Q(ri)). Furthermore dgUn € L^q^(0, oo; L^(0)). Because Mn satisfies (|2.12 p . it 
implies G 2:((32d)- 

Case i?; fl unbounded. We assume that fl'^ C -B/Eq. We consider a sequence of smooth 
unbounded domains {^1"} C ^ {n > 1) such that sup{dist (2:, fi'^) : x € SfJ"} < 1/n as 
n ^ 00, thus U„rj" = f7. For m > Rq we set 17;^ = O" n Therefore f^^^ C Hj^ C 
and U„.„ir2"j = fi. For t > 0, let w = Um.n,T be the solution of 

' dtu- Au + u'i = in fl'^^ x (r, 00) 
u(.,r) = un(.,T) inf^;^, 
u{x, t) = in 9ri" X [t, 00) 
u(.,r) = un(.,T) in aB,„ X (r, 00). 



(2.36) 



By the maximum principle, 

< uni-,t) - Urn,n,T{-,t) < max{uo(x, s) : {x, s) e dfl'' x [t, t]} 0, 



(2.37) 



as n — > 0. Next we extend Um,n,T by zero in f2 \ f2„ and apply ()2.15 ^ - (12. 19 p with 77 as in 
Theorem and m > 2R. We get, with fi^ = 17 n Br, 

2-'/ u^,„,,(.,t)da;+ / / (2-1 |Vu„,„,,|V dxds<Ci?^(t+l)T-2/(?-i), 

(2.38) 



and 



(s-r) 



dUn 



dt 



dxds + {t — t) 



,9+1 



g + 1 



(2.39) 



< 8C(2i?)^(t-T)iT-2/(9-l) 



We let successively m ^ 00 and n — > 00 and derive by Fatou's lemma and (j2.37 P that 
inequalities (|2.38 p and (|2.39 p still hold with uq instead of Um,n,T- If we denote by Hq{^r) 
the closure of the space of C°°{ilR) functions which vanish in a neighborhood on d^l, then 
(|2.38 p is an estimate in L^(r, i; i/p (il/?)) which is a closed subspace of L^{T,t; H^{nji)). 
Therefore uq E ^^^^(0, 00; i/g (il/?)). Using (|2.39 p and equation (|2.12 p we conclude that 

We end this section with a comparison result between and . 
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Theorem 2.13 Assume q > 1 and 57 satisfies PWC. Then — uq. 

Proof. By Proposition 12.91 and Theorem 12. Ill -Step 2, u^^ — ^n- If ^ is bounded, we can 
compare .) and un{- + ''',.) on x (0, oo). Since Uq, the least upper bound of ^(Q^d) 
belongs to I{Q%), and un{. + t, .) e I(QS>) 

we derive uq{. + t, .) < .), from which 
follows UQ < U(i- Next, if is not bounded, we can proceed as in the proof of Theorem l2.6l 
by comparing Uq{., .) + Wr and uq{. + r, .) on flu x (0, oo), where Wr is defined in (|2.20 [) . 
Because {ua{- +t, .) — v^{., .) — Wr{.))^ is a subsolution of (12.12 p in Q^^ which vanishes 
at t = and near 9r2_R x (0, oo); it follows un{- + t, .) < Uq{., .) + Wr{.). Letting R ^ oo 
and r ^ completes the proof. □ 



3 Uniqueness of large solutions 

Definition 3.1 Let q > 1 and C 6e any domain. A positive function u € C^'^iQ]^) 
of h2.12 ]) is a large initial solution if it satisfies 

limM(a;,t) = oo Vx G (3.40) 

uniformly on any compact subset ofQ. 
We start with the following lemma 

Lemma 3.2 Assume u G C'^'^(Q^) is a large solution of ^2.12 \) . ttien for any open subset 
G such that G C fi, there holds 

/ 1 \ 1/(9-1) 

lim<^/(«-^^u(x,i) = := f ^ -\ uniformly in G . (3.41) 

Proof. By compactness, it is sufficient to prove the result when G — Bp and Bp C Bpt C fi. 
Let r > 0; by comparison, w(x, t) > ub^, {x, i + t) for any (a;, t) G Q?^. Letting r — s- yields 
to u> ub^i ■ Next for t > 0, 

(i3q{t + T) < UB^,{x,t) + UB^^,{^,t) +Wr{x) y{x,t)eQ^. 

Similarly 

max{uB^,(a;,i + r),UB-,(x,< + T)} < (j)q{t) + Wr{x) y{x,t) G 

Letting i? — > oo and r — > 0, 

maxjuB^, jUfic } <(j)q< ub^, +UBp in Qoo • 

For symmetry reasons, x i— > ub" {x,t) is radially increasing for any t > 0, thus, for any 

p' 

p < p' and T > 0, there exists Cp,T > such that 

ub^, {x, t) < Gp^T V(x, t)eBpX [0, T]. 
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Therefore 

lim t^/^'^^^-'uB^, (x, t) — Cq uniformly on Bp. 

Because 

UB^, [x, t) < uix, t) < (l>g{t) yix, t)eQ^, 

(|or|) foUows. □ 

As an immediate consequence of Lemma 13.21 and (j2.23 I) , we obtain 

Proposition 3.3 Assume q > I and dfl is compact. Then un is a large solution. 

We start with the foUowing uniqueness result 

Proposition 3.4 Assume q > 1, satisfies PWC, dQ is bounded, and either il or fi"^ is 
strictly starshaped with respect to some point. Then mq is the unique large solution belonging 
to J{Q^). 

Proof. Without loss of generality, we can suppose that either or fl'^ is strictly starshaped 
with respect to 0. By Theorem 12.111 ujj exists and, by (|2.23 p and Lemma [3. 2[ it is a large 
solution. Let u G J{Q^) be another large solution. Clearly u <Ufi. If is starshaped, then 
for fc > 1, the function Uk{x,t) :— k^/'^''~^^u{kx,k^t) is a solution in Q^kj with Qk '■= k^^fl. 
Clearly it is a large solution and it belongs to J^{Qn^). For r G (0,1), set Uk.rixjt) = 
Uk{x,t — t). Because dQ. is compact, 

YimdHidn.dnk) = 0, 
feil 

where dn denotes the Hausdorff distance between compact sets. By assumption uq, S 
C([t, oo) X Vl) vanishes on [t, oo) x dVl, thus, for any e > 0, there exists /cq > 1 such that for 
any 

fc e (1, fco] =^ sup{?In(x, t) : (x, t) e [t, 1] X dflk} < £■ 

Since u^^t + e is a super solution in Qq^ which dominates uq on [r, 1] x dilk and at t = t, it 
follows that Uk,T + £ > Ufi in (r, l]xflk. Letting successively A: — s- 1, t — > and using the fact 
that e is arbitrary, yields to u>uq in (0, 1] x and thus in Q^. If il"^ is starshaped, then 
the same construction holds provided we take k < 1 and use the fact that, for i? > large 
enough, Uk,T + £ + WR is a super solution in Qn^nBa which dominates un on [r, 1] x drtkHEfj 
and at t — T. Letting successively R —i- oo, k I, t and e — > yields to u > ua 
□ 

As a consequence of Section 2, we have the more complete uniqueness theorem 

Theorem 3.5 Assume q > 1, il C is a domain with a bounded boundary dft satisfying 
PWC. Then for any f £ (7(951 x [0, oo)), / > 0, there exists a unique positive function 
u = unj e C{fl X (0,oo)) n C^'HQS)) satisfying 

' dtu - Au + \u\'i-^u = mQ^ 

< u^f indQ.x{0, oo) (3.42) 

Yv[a.t^Qu{x,t) = oo locally uniformly on VL. 
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Proof. Step 1: Existence. It is a simple adaptation of the proof of Theorem 12.111 For 
A;, r > 0, we denote by u = Wfc,r,/ the solution of 

dtu — Au + \u\''^^u = in f2 X (t, oo) 

u^f mdnx{T,oo) (3.43) 
u(x, t) = k on r2. 

Notice that Uk^rj is bounded from above by uni-, ■ — t) + w/.r, where Vf_T = v solves 

dtv — Av + \v\'>~^v = in X (r, oo) 

v^f mdnx{T,oo) (3.44) 
v{x, r) = on Q. 

If we let /c — > oo we obtain a solution Uoo,t,/ of the same problem except that the condition 
at t — T becomes limt_>.r u{x, t) = oo, locally uniformly for a; S f2. Clearly Uoo,t,/ dominates 
in X (r, oo) the restriction to this set of any u € C{Vl x oo)) n C^^^((5^) solution of p. 42 p . 
in particular mq. Therefore Moo,r./ > Uoo,t'./ in x (t, oo) for any < r' < r. When r ^ 0, 
Uao,Tj converges to a function which satisfies the lateral boundary condition unj = /■ 
Therefore Mn,/ satisfies (13.42 I) . 

5<ep ^; Uniqueness. Assume that there exists another positive function u :— Uf G C{Q x 
(0, oo)) n C^'^(Q5^) solution of p. 42 p . Then < Ho,/. For r > 0, consider the solution 
V := Vr of 

dtV — Av + \v\''~^v = in X (r, oo) 

?; = mdnx{T,oo) (3.45) 

v{x,t) — Uf{x,T) on ri. 

Then Wt- < in x (r, oo). In the same way, we construct a solution v : Vt of the same 
problem (|3.45 p except that the condition at t = r is now v{x, r) = ufij{x, r) for all x € Vl. 
Furthermore Wr < Wt < un,/. Next we adapt a method introduced in [6], [7] in a different 
context. We denote 

Zf=un.f—Uf and Zo,r = ^ Vr, (3.46) 

and, for (r, s) G R^, 



h{r,s) 



if r 7^ s 



r — 

if r = s. 



Since r i-^ r'' is convex on R_|_, there holds 



ro > So, n > si 
ri > To, si > So 



h{ri,si) > h{ro,so). 



This implies 

h{un,f,Uf) > h{vr,Vr) in 17 X [t, oo). (3.47) 
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Next we write 

- dtiZf - Zo,r) - A{Zf - Z,.r)+ulj -u}- {vf - vl) 

_ (3.48) 

= dt{Zf - Zo,r) - A(Z/ - Zo,r) + h{unj,Uf)Zf - h{Vr,Vr)Zo,r- 

Combining p. 47 p . (|3.48 \i with the positivity of Zj and Zq ^, we derive 

dt{Zf - Zo,,) - AiZf - Zo,,) + h{unj,Uf){Zf - Zq,,) < 0, (3.49) 

in X (r, oo). On dil x [r, oo) there holds Zj — Zq ^ — f — f — Q- Furthermore, at 
at i = T, Zf{x,T) ~ Zo^rix,T) = unjix,t) ~ Uf{x,T) - uaj{x,t) + Uf{x,T) = 0. By 
the maximum principle, it follows Zf < Zq^t in x [r, oo). Since t > r' > implies 
Vr{x, t) = Uf{x,T) > Vr' {x, t) and Vr(x, t) — Ufij(x, t) > Vr'{x, t), the sequences {wt} and 
Vt converge to some functions {vq} and -Do which belong to C{il x (0, oo)) n C^'^iQ^o) and 
satisfy (j3.42 |) with / = on x (0, oo). Furthermore 

Unj — Uf < Vq — Vq. (3.50) 

Since uqj > uq, vq >un, which implies that uo = un by the maximality of Tin- If is 
any smooth bounded open subset such that SI C there holds by an easy approximation 
argument wq > uq,' in fi' x (0, oo). Therefore vo > un — Un = ^n, by Proposition 12.91 and 
Theorem 12.131 Applying again Theorem 12.131 we derive that the right-hand side of (|3.50 P 
is zero, which yields to unj — Uf □ 
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